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Abstract 

We consider tlie small deformation of the point-like Wilson loop in the 3-dimensional 
M = 6 supcrconformal Chern-Simons theory. By Taylor expansion of the point-like Wilson 
loop in powers of the loop variables, we obtain the BPS operators that correspond to the 
excited string states of the dual IIA string theory on the pp wave background. The BPS 
conditions of the Wilson loop constrain both the loop variables and the forms of the operators 
obtained in the Taylor expansion. 
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1 Introduction 

The dual gravity interpretation of the supersymmetric Wilson loop in the D = 4 = 4 SYM 
theory has been important in the context of the AdS/CFT correspondence [I]. The supersym- 
metric Wilson loop contains the 6 scalar fields and the expectation value of the Wilson loop 
is protected from the UV divergence [2]. The expectation value of the circular Wilson loop was 
obtained by analyzing the string minimal surface in the anti de Sitter space [3]. Furthermore, 
the supersymmetric Wilson loop in the BMN sector can be described by the dual IIB string 
theory on the pp wave background. The BMN correspondence [4J is the duality between the 
infinite strings of operators in = 4 SYM and the excited string states in the dual IIB string 
theory on the pp wave background. In [5J, it was conjectured that the 1/2-BPS point-like Wilson 
loop W{Co) for Co shrinking to a spacetime point is mapped to the vacuum state of the dual 
IIB string theory on the pp wave background. The functional derivatives of the Wilson loop are 
mapped to the excited string states. We have summarized the results obtained in [5J in Table 1. 
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Table 1: The relation between the functional derivatives and the IIB string oscillation modes 
aj'^) and aj+''. In the table, ^ = 0, 1, 2, 3, a = 1, 2, 3, 4 and Z = _^ i^^ . 

In this paper, motivated by the work [5], we consider the dual IIA string theory description 
of the supersymmetric Wilson loop in the recently proposed D = 3 AA = 6 Chern-Simons-matter 
theory (ABJM theory) [BJ [7]. The ABJM theory is the low-energy effective theory of the 
M2-branes at the singularity of the orbifold C^/Z^J^ This theory can be analyzed by using the 
dual IIA string theory on the AdS^ x CP^ spacetime and on its Penrose limit [8]-|12j in the 
parameter regime 

1 

VA>1, e^-^-^^l, (1.1) 

where k is the Chern-Simons level, A'^ is the rank of the gauge group, A = N/k is 't Hooft 
coupling and (p is the dilaton. The first one in (II. ip implies that in the dual type IIA string 
theory, the radius of curvature is much larger than 1 in the string unit and the second one 
implies that we take the small string coupling limit, to suppress the quantum corrections. 

^In the special case of the gauge group SU{2) x 5(7(2), the ABJM theory has the SO{8) enhanced global 
i?-symmetry. 



1 



The supersymmetric Wilson loop in the AB JM theory was proposed in the literature [1'6\ [T^ 
I15j . The Wilson loop contains a product of the bi- fundamental scalars on the exponent. It was 
shown that the straight line and circular Wilson loops preserve 1/6 of the ABJM supersymmetry. 

The main purpose of our paper is to study the dual IIA string theory description of the 
point-like Wilson loop that has enhanced 1/3-supersymmetry. We show that by deforming the 
point-like Wilson loop, we can obtain the BPS operators that correspond to the excited string 
states of the dual IIA string theory on the pp wave backgroundjf] The BPS conditions of the 
Wilson loop, (|3.15p and (j3.16p . give the constraint on both the loop variables and the forms 
of the BPS operators. By following the conjecture in [5], we give maps from the functional 
derivatives of the Wilson loop to the dual IIA string excited states. 

The Penrose limit of the dual gravity theory is given by the following limit: 

A^, J ^ oo with A' = A fixed, (1.2) 

where J is the charge of the infinite strings of operators under the U{1) subgroup of 5[/(4) 
R-symmetry. By determining the function h{X) that appear in the dispersion relation, the 
gauge/gravity correspondence has been proved up to the curvature corrections to the pp wave 
background [T7] . 

The content of this paper is as follows: in section 2, we consider the point-like Wilson loop 
in the ABJM theory and compare it with the vacuum state of the dual IIA superstring theory. 
In section 3, we obtain the BPS conditions for the Wilson loop. We show that the point-like 
Wilson loop is 1/3 BPS and the supersymmetry generator preserved by the point-like Wilson 
loop is the same as that preserved by the infinite chain dual to the IIA string vacuum state. 
In section 4, we solve the BPS equations satisfied by the loop variables and expand the Wilson 
loop in powers of the independent loop variables. Thus, we obtain the maps from the functional 
derivatives of the Wilson loop to the dual IIA string excited states. 



2 The supersymmetric Wilson loop in the ABJM theory 



The ABJM theory is the 3-dimensional A/" = 6 supersymmetric Chern-Simons theory with the 
gauge group U{N) x U{N). The fields in the ABJM theory are the U{N) x U{N) gauge fields 
and Am, the bi-fundamental bosonic fields (Y^ = {Ai, A2, Bi, B2)) and the bi-fundamental 
spinors tpja, where I {I = 1,..,4) is the index of the SUr{4:) i?-symmetry and a (a = 1,2) is 
the (2+l)-dimensional spinor index. 

The Wilson loop in the ABJM theory [13] was given bj0 



W[C] = Tr 



Pexpil ds (^x'^{s)Am + M/{s)Y^y} 
J c 



(2.3) 



^See [16) on the deformation of the Wilson loop operator in the A/" = 4 SYM as well as in the YM thoeory. 
''in [2], they also obtain the Wilson loop with the gauge field Am. We do not consider the Wilson loop with 
Am here; our Wilson loop breaks the parity symmetry of ABJM theory (see [TT][TS]). 
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where x™(r) describes the path C on B^'^ and the function Mj'^{s), determined by the SUSY, 
will be the coordinate of the transverse space C^/Z^. We assume that Mj-^^s) is a 4 x 4 real 
matrixl§ 

We consider the point-like Wilson loop whose path Co shrinks to the point {x"" = 0). 

We set M^j in a nilpotent matrix, 



/o 1 o\ 





yo oy 



(2.4) 



By expanding the exponential part of the Wilson loop, we obtain the infinite sum of the local 
operator as follows: 



W[Co] = Triexp {it AMxo))] = ^Tr[(^ii?i)-^](xo), 



j=o 



(2.5) 



where t describes the periodicity of the loop; we identify s = with s = t. In the higher order of 
J, (|2.4p includes the infinite strings of the operator AiBi that correspond to the vacuum state 
of the dual IIA string theory. In section 4, by deforming (j2.5p . we also obtain the BPS operators 
that correspond to the dual IIA string excited states. 

In the next section, we analyze the SUSY preserved by the Wilson loop (j2.3p and (j2.5p . 



3 Supersymmetry 

The A/" = 6 SUSY generator described by the superspace coordinate was w/jlf], which transforms 
as the anti-symmetric representation of SUr{4:) and satisfies the following relations: 

*We can give Mi^{s) a Ur{1) charge, which is a subgroup of the SUr{4:) ii-symmetry. In the Wilson loop 
(|2.3p . the Ur{1) symmetry that rotates Ai and Bi by a = exp(i(^/2) also operates on Mj'^ (s) as follows: 
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In section 4, we use this Ur{1) symmetry to classify the loop variables. 

^ujij is obtained by using the Clebsch-Gordan decomposition of the 6 Majorana spinors {i = 1, .., 6), which 
are also the — 6 SUSY generators (see Appendix B). 
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{oou,ar = ^L', ^i' = ^e'""^ (3.6) 



d'je'e^, (3.7) 



where e* (i = 1, 6) are the Majorana spinors, which are also the M = 6 SUSY generator. The 
M = 6 SUSY transformations were given by 

6Y^ = iio^-'ipj, (3.8) 

jy/ = i^^-'lojj, (3.9) 

dA^ = -(Y^ij-^^^miOij + io^-^jmi^iYj), (3.10) 

5A^ = ^^^Y-^-^^uju + oj"^mY}i^j, (3.11) 

where the convention of the spinors is the same as given in [71 [19] . 

We consider the SUSY transformation of the Wilson loop as follows: 

^i{wijQ'-J+u^^jQIJ)^^^^^-i{wijQ'J+uj'-'Qu) ^ ^[(-] + 5W[CI (3.12) 

where Q^^ is the SUSY generator. The Wilson loop preserves a part of the SUSY in the ABJM 
theory when (5Vl^[C] = for the arbitrary s. 

By using the condition (5VF[C] = 0, we can show that the SUSY generator ojab preserved by 
the Wilson loop satisfies the following equations as given in |13j : 

^%lmapX^ - iMb^UJkA,^ = 0, (3.13) 

^^■^'°7ma/3i'" - iMi^ioj^^ = 0. (3.14) 

Note that the complex conjugate of (|3.13|) gives (|3.14|) when M/"^ is a Hermite matrix. When we 
contract these two equations by using and the charge conjugation matrix C (see appendix 
A) or when we multiply (j3.13p by 7„x" — iM'^ from the right |j we obtain the following BPS 
conditions: 

4i;2(s) + Mi^{s)Mk\s) = 0, (3.15) 
det(x2(s) + M^(s)M^(s)) = det(x2(s) + M{s)M{s)) = 0. (3.16) 

(j3.15p and (j3.16p are the necessary condition to preserve a part of SUSY: a straight line and 
(j2.5p satisfy (|3.15p . (j3.15p is similar to the BPS conditions i;^ + = satisfied by the Wilson 
loop in the d = 4, = 4 SYM. 

We can show easily that the point-like Wilson loop (j2.5p preserves 1/3 of the SUSY in the 
ABJM theory. For Xm = 0, the equations (j3.13p and (j3.14p are given by 

Mb'^ooka,^ = 0, (3.17) 
Mi^ujj^-^ = 0. (3.18) 



''When we multiply (|3.14p by 7„i" — iM from the right, we obtain the same equation. 
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By solving these equations, we obtain u>i3 = UJ23 = 0^24 = W34 = ol!l The point-hke Wilson loop 
preserves the SUSY UJ12 and which are not constrained by (|3.17p and (|3.18p . Note that the 
Wilson loop over the straight path is 1/6 BPS. We guess that there is an enhancement of the 
SUSY when we shrink the loop to the point. 

We want to explain why the Wilson loop in the ABJM theory is 1/3 BPS or 1/6 BPS instead 
of 1/2 BPS. In the dual IIA string theory side, the Wilson loop is described by the fundamental 
string on AdS^ x CP^ spacetimes. From the supersymmetry analysis [H] of the Killing spinors, 
it has been known that the fundamental string dual to the straight Wilson loop is not localized 
at CP^ but smeared along CP^: the smeared string preserves less of SUSY. So, we guess that 
a similar phenomenon happens for our point-like Wilson loop. 



4 BPS operators from the Wilson loop 

In this section, we show that the BPS operators arise in the double series expansion of the point- 
like Wilson loop operator (|2.5p in powers of the loop variables 6x"^{s) and 5Mj'^{s) = raij{s) 
(see also [5]). 



First, we consider the Wilson loop fluctuated near the point x^{s) 
Mr\s) by 
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M/(s)= — — + "-^ ^ (4.19) 



where we fix the gauge freedom of the parameter s by imposing AIi^ = 1, and for convenience, 
omit the label s in mij{s). Since the loop coordinates 6x"^{s) and mij{s) should be periodic 
about s, they can be rewritten as follows: 

00 00 
fa-(s)= fe^)e2-W*, mjj{s)= ^ m(„),je2-Wtfor (/,J)/(3,1). (4.20) 



In the Fourier space, the loop variables have the zero modes. 

The loop variables 8x"^{s) and 6Mi'^{s) are not independent but are related by the BPS 
condition ([3T5]) and ([3l6]) . By substituting (|i39]) into the matrix Xab = {Sx'^ + M'^)ab and 
the BPS condition (|3.15p and (|3.16p . we obtain the following matrix elements and the following 



^The superconformal group satisfied by (|2.5p is the SU{2\2) generated by LO12 and CJ14 as given in [9]. 
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equation: 

Xii = + mii^ + 1711217121 + 17131 + 1711417141, Xi2 = mnmu + 1711217122 + ms2 + 1711417142, 

Xi3 = mil + "^■l2"^23 + ^-33 + "i-i4"^43, Xi4 = miimi4 + 1711217124 + "1-34 + ^1477144, 

X21 = m2imii + 711,2277121 + 771,23777,31 + 7rj,24"l41 , -^22 = ^x'^ + 77112777.21 + "^22^ + m-23"732 + m24"^42, 

^23 = "121 + ^22^23 + ^2377733 + 77124^7743, X24 = 17l2imi4 + m22^2i + m-23"^34 + ^24^44, 

-'^Sl = "T-Sl^T-ll + m32m21 + 7773377731 + 7773477741, X32 = 77731 777,12 + m-32"1-22 + m-33^32 + "1-34^-42, 

-^^33 = + "^31 + ■m23m32 + 77733^ + 7773477743, X34 = 7773i?77i4 + 7773 2 777 24 + "73377734 + 777,3477744, 



X41 = m4i 777ii + 7774277721 + 77743?773i + 77744 77741 , -^^42 = "1-4177712 + 7774277722 + "T.43"T'32 + "14477742, 

1,44^, 

(4.21) 



X43 = m4i + 77742?7l23 + "1-43 "^33 + "T.44"i43 , -'^44 = ^X^ + 777i47774i + ?7i24"T'42 + "1-347)143 + 77744^ 



det X = XiiX22^33-''^44 — -'^ll-'^22-'^34-'^43 + -'^ll-'^32-'^43-'^24 — -'^ll-^32-'^23-'^44 
+X11X42X23X34 — X11X42X33X24 — ^21-^12^33-^44 + -^^2 1-^1 2-^^34 -^43 
— X21X32X43X14 + X21X32X13X44 — X21X42X13X34 + X21X42X33X14 
+X31X12X23X44 — X31X12X43X24 + X3iX22-'^43-'^14 — -'^31-'^22-'^13-'^44 
+X31X42X13X24 — X31X42X23X14 — X41-^12-'^23-^34 + -'^41-^12-'^33-'^24 
— X4iX22-^33-^14 + -^41-^^22 -'^13 -^^^34 — -'^41-^32-'^13-^24 + -^41-^32-'^23-^14 = 0, (4.22) 

4(fe)^ + E(^J)^(3.1) ^ij^j^ 
77731 = . (,4./!dj 



The special solution of (|4.22|) is given bj|§ 



77722 = "1-44 = "1-24 = "1-42 = 0, (4.24) 

"132 = -"1ll"1l2, "134 = -"1ll"1l4, "1-41 = -"143"133, (4.25) 

"121 = -"123"133, "111 = -"133, (4.26) 

5±^ = 0, (4.27) 

=^ X12 = Xi4 = X43 = X23 = X42 = X24 = X22 = -^^44 = 0. (4.28) 

In the Fourier space, the relations (|4.23p ^( |4.28p are rewritten as follows: 

m32[n) = -"1ll{n)"1l2{-n), "1-34(n) = -"1ll{n)"1l4{-n) , "l41{n) = -"I43(n)"l33(-n) , (4-29) 

"l21{n) = -"l23{n)"l33{~n), "1ll{n) = -"l33(n), (4-30) 

5xOfeO „ = 5xi5x\^ + 5xl5x\ (for 71 ^ 0), (4.31) 

"l31{n) = "1ll(n)"1ll(-n)- (4-32) 



^We can solve (|3.16|) about mai since H3.16|) is the equation of second degree about 77731. However, we cannot 
expand the denominator of the solution in powers of the loop variables. 
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Note that while the zero modes Sx'Ti.-, are the independent parameters, is not independent. 
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Table 2: Ur^I) charge of the loop variables (i = 1,2,3,4). 



Recall that the loop variable has the Ur{1) charges as given in Table 2 (see footnote 5). The 
loop variable also has the dimension A since the dimension of the Wilson loop becomes zero. 
Since the charge Q{= A — J) of the loop variables is well-defined for (j4.24p ^( |4.28p . we expand 
the Wilson loop fluctuated at up to one in powers of the charge of the loop variable Q and 
up to one impurity as follows: 

W[C] = W[Co] + ds Eq(„,,)=i/2 -^^•(«)^^ 



C=Co 



6W[C] 



+ 



C=Co 



rt , , . 5W[C] 5W[C] 

£ dsmuis) ^ - ^ 

\6mn{s) <5r7733 s 



C=Co 



(4.33) 

means that we sum the terms in which the 



where we used (|4.24p and ()4.26p . Here, X]Q(mfe,)=n 
charge of rriij is n; for 77 = 1/2, we sum the terms containing 77712,77714,77723, and 77743 
We introduce a new functional derivative as follows: 



(4.34) 



6m' 6mii (^77733 

By substituting the Fourier transformation of the loop variables (j4.20p into the resulting formula, 
we obtain 



W[C] = W[Co] + Eqh,,)=i/2 En m^jin) /q ds 



5W[C] 



5mij{s 



e t 



C=Co 



t , 5W[C] 
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27Tins 



C=Co 



(4.35) 



The functional derivative of (j2.5p contained in ()4.35p generates the impurity operator (in the 
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sense of the spin chain) as fohows [201 EI] • 
6W{C) 



iTr 



C=Co 
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6W{C) 



C=Co 



(4.36) 
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where w^',' (C) describes the Wilson hne along the path C from s = s' to s = s" and the covariant 
derivative Dm including Am operates on Y^Yj so that Y^Yj is the adjoint field. Note that ()4.36|) 
and ()4.37p do not depend on the loop parameter s. 
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Table 3: The relation between the functional derivatives and the IIA supergravity modes (the 
zero modes of the string oscillation operator). In the table, m = 0, 1,2, 
(i,i) = (1, 2), (1, 4), (2, 3), (4, 3) and A: = 5, 6, 7, 8. 



By using (j4.36p and (|4.37p . we find that the right side of (j4.35p becomes the zero mode 
contribution as follows: 



E 



J=0 J, 



Tr[{AiBiy]{xo) + itE 



Qimij)=l/2 ^ij 



(o)Tr[y^y/(^i5i)-^](xo) 



+itmn(o)Tr[(yiyit - Y''Y^){AiB,y]{xo) + iMx™ Tr[(Z)^^iSi) {AiBiy]{xo)\ . (4.38) 

In the higher order of J, (j4.38p contains the following infinite strings of the operator AiBi, the 
bi- fundamental scalars Y^yJ and the covariant derivative Dm- 



TrpiBi)^](xo), Tr[YiYj{AiBiy]{xo), Tr[(Z)™AiBi) {AiB^y]{xo), 
Tt[{Y^Y^ - Y^Y^){AiBiy]{xo). 



(4.39) 
(4.40) 



where = (1,2), (1,4), (2,3), (4,3) and we separated the operators coupled to the indepen- 
dent loop variables. These BPS operators protected by the supersymmetry correspond to the 
vacuum state and the excited states of the dual IIA string theory on the pp wave background 
(see [HE]). 
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By following the correspondence between (j4.39p and the dual IIA string excited states, and 
by following the conjecture in [5], we map the functional derivatives of the Wilson loop to the 
dual IIA string excited states in Table 3. 

Before ending this section, we want to comment on the relation between our Taylor expansion 
of the point-like Wilson loop and the strong coupling expansion: the Wilson loop should be 
expanded in terms of 1 /^/\ [22j and have the convergent region of the expansion. The operators 
obtained in the Taylor expansion should be normalized by using their 2-point function. However, 
the appearance of the strong coupling expansion is not clear in both our point-like Wilson loop 
and that of = 4 SYM [S]. On the other hand, our Taylor expansion of the Wilson loop (|4.38|) 
is similar to the mode expansion of the wave-function in the string field theory (SFT) as was 
pointed out in the work [5j. Since the SFT is independent of the string coupling, ()4.38p may be 
independent of the 't Hooft coupling. 

5 Discussions 

In this paper, motivated by the paper [5], we discussed the dual IIA string description of a 
slightly deformed point-like Wilson loop. By expanding the point-like Wilson loop in powers of 
the loop variables, we obtained the BPS operators that correspond to the excited string states 
of the IIA string theory on the pp wave background. Our new result was the impurity operator 
Y^Y^ — Y^Y^ that was not determined from the analysis in the gravity side [8]. By following 
the conjecture in [5], we gave the maps from the functional derivatives of the Wilson loop to the 
dual IIA string excited states in Table 3. 

In the same way, the fermionic impurities V'S; belonging to the BPS multiplets A2, -B2, V'3 
and -B2, V'^^ [2] are generated by operating the SUSY transformation rjjjQ^^ and fj^'^Qij on 
(j2.5p . where /, J = 1, ..,4. Other impurity operators Tp2Bi + AiTp'^^ and —ip^Bi + Aitp"^^ are also 
generated. The charge A — J of these operators agree with the mass spectrum of the fermions 
in the gravity side, namely 4 fermions of mass 1/2 and 4 fermions of mass 1. Thus, we conclude 
that 8 bosonic impurities and 8 fermionic impurities are obtained by Taylor expansion of the 
point-like Wilson loop. 

The BPS conditions of the Wilson loop ()3.15p and ()3.16p constrained both the loop variables 
and the forms of the BPS operators, though we did not prove the uniqueness of the solution of 
the BPS conditions. In appendix C, we also obtained the BMN operators [23] in the higher- 
order terms of the Taylor expansion ()C.64p . It will also be important to compute the anomalous 
dimension [M] of the BMN operators (jOTS]) and ({079]) . 

Since our Wilson loop is point-like, it is important to construct the straight line BPS Wilson 
loop that connects the point-like 1/3-BPS Wilson loop to 1/6-BPS Wilson loop in the ABJM 
theory. We leave it in future work. 

We also want to comment on the Wilson loop in the ABJM theory from the viewpoint of 
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11-dimensional theory (M-theory). It has been known that in the dual IIA supergravity side, 
the Wilson loop is described by the fundamental string on AdS4^ x CP^ spacetimes. Then, the 
dual fundamental string should be described by the M2-brane wrapped on the M-circle: the 
3- form C(3) in the 11-dimensional supergravity reduces to the NS-NS field B^^, coupling to the 
IIA string. Thus, it is also interesting to analyze the dynamics of the Wilson loop by using the 
loop equation [26j0 As the dynamics of the Wilson loop describe the dynamics of the dual 
string, the loop equation will also describe the dynamics of the M2-brane wrapped on the M- 
circle. When we analyze the loop equation, however, we need to extend the analysis to include 
supersymmetry (see also [2T]). 

Acknowledgments: Especially, we would like to thank M. Fukuma, H. Hata, H. Kawai, and 
K. Yoshida for the discussions and helpful comments. We would like to thank K. Katayama for 
the discussions. We would like to thank T. Nishioka and T. Takayanagi for the helpful comments 
on this manuscript. 



A Charge conjugation matrix 

In appendix A, we introduce the charge conjugation matrix of both SO{6) and 50(4) and con- 
struct the SO{6) reducible representation of the gamma matrices by using the 50(4) reducible 
representation of the gamma matrices. 

The charge conjugation matrix constructed by 50(6) gamma matrices satisfies the following 
relations: 

OyO-i = -f^, (A.41) 
= rjC, {Cf^'^-'"f = 7^"^...7^i^r/C = ,^(-l)l"("+i)C'7*i*2-in^ (A.42) 

wher e (I A.41 p is the definition of the charge conjugation matrix and r] is a constant determined 
laterO ()A.42p shows that the matrix defined on the right-hand side of ()A.42p transforms as 
the symmetric tensor or the antisymmetric tensor in terms of the 50(6) spinor index. Since 
the product representation in Table 4 must be consistent with the decomposition 8^ 8^ — t- 
36s © 28a, V must be +1. 



n 





1 2 3 


4 5 6 


eCn 


1 


6 15 20 


15 6 1 


(_l)|"("+i) 


+ 


- - + 


+ - - 



Table 4: The product representation of the 85 spinor representation. 



The loop equation for the pure Chern-Simons theory is shghtly different from that of the YM theory. 
^^These equations are satisfied for any SO{N). 
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C defined in (|A.4ip is the metric of the spinor index as fohows: 

where g is the spinor representation of 5*0(6)1^ 

We introduce the S0(4) charge conjugation matrix C that satisfies the following relations: 

Cp^C-^ = -{p'^f, (A.45) 
= -C. (A.46) 

We decompose the 50(6) Dirac gamma matrices and the charge conjugation matrix as follows: 
l'=\ \ 1), 7^=(". 1), /=f° rV (A.47) 



r 




V 








c 








i ^ 

where p'^ is the 50(4) Dirac gamma matrix. Here, the matrices defined in ()A.47p and ()A.48P 
satisfy a Clifford algebra and the definition of the charge conjugation matrix. 

B Clebsch-Gordan decomposition of the 6 Majorana spinors 

We show the Clebsch-Gordan decomposition of the 6 50(1, 2) Majorana spinors e^, which trans- 
form as the vector representation of Spin{6) ~ 50(6), and show the equality (j3.7p . We know 
the following equivalence: 

5pm(6) ~5C/(4) (B.49) 
6„ ~ 6a (B.50) 
4, ~ 4„ (B.51) 

We introduce the new matrix C2 and 4^ spinor index I and J as follows: 

C.-,'=M" , V (B.53) 



(Oaf) 



By using ()A.44p . we can show that 027* transforms as the antisymmetric tensor in terms of the 
index I, J. 



^■^We can show the second equation in HA.44|) by expanding the exponential of g in powers of the generator of 
the Lorentz algebra. 
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We describe the Clebsch-Gordan decomposition of (727* ^ follows: 



VIJ ^V' = El<jiC2f)ljv'\ 

uJij = ej(C27*)/j. 
We choose the basis of the S'0(4) gamma matrices as follows: 
/ -i\ 



i 



, P 



a^' 
1 



P 



a'' 
3 



a^' 
2 



(B.54) 
(B.55) 



(B.56) 



4„1 



(B.57) 



After a 50(6) permutation of the 5*0 (6) gamma matrices 7* including the change of the signs, 
we obtain the supersymmetry generator w/j, which satisfies (|3.6p and (|3.7p (see also [IH]). 
It is convenient to introduce the following equations: 



(Cf)* = -fC*, 

By using the S0{6) gamma matirces, C and C2, we can show (|3.7|) as follows: 

e,(C2y)e^(C2*7") 



e'e. 



;(C7V7^'^*7*^') 



where 7"^ = 7^727^7^. 



(B.58) 
(B.59) 



(B.60) 
(B.61) 
(B.62) 



C The higher-order terms in the expansion of the point-Uke 
Wilson loop 



In this section, we compute the higher-order terms in the expansion (j4.33p . We expand the 
point-like Wilson loop up to 2 in powers of the charge Q as follows: 



W[C] = W[Co] + /o* ds Eq(™„)=i/2 mj{s) 



5W[C] 



6mij{s) 



+ /o (is(5x™(s; 



5W[C] 



(5x™(s) 



C=Co 



rt r I / N SW[C] 



C=Co 

6W[C] 
(5m33(s) 



C=Co 



(C.63) 
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+ \ /o /o dS2 EQ{m,,+m,,)=l "^ii (S2) ^ ^^^^ 



mij{s) 



5mij{si)5mki{s2) 
5W[C] ' 



C=Co 



C=Co 

6^W[C] 



C=Co 



5^W[C] 



C=Co 



,t , , , 5W[C] 



+ J/o^«l/o^S2(5x-(si)fe"(s2) 



C=Co 



fe™(si)(^x"(s2) 



C=Co 



C=Co 



+ 



(C.64) 



C=Co 



where EQ(m,. ,+mfc;)=?i means that we sum the terms in which the charge of mijUiki is n. Recah 
that the loop variables satisfy the relation (j4.29p ^ (|4.32|) as follows: 

"^32(n) = -"ill(n)"ll2{-n), "^34(n) = -"^ll(n)"il4{-n) , "i41(n) = -"l43(n)"l33{-n) , (C.65) 

"i21(n) = -"^23(n)"i33(-n), "^ll{n) = -"T'33(n)> (C.66) 

dx^Sx^n = ^^n^^~n + ^^n^X-n (for n / 0), (C.67) 

"^3i(n) = "^ll(„)m^(_„). (C.68) 



Because of ()C.67p . the spacetime coordinates are twisting for n ^ 0. By substituting the Fourier 
transformation of the loop variables (|4.20p into ()C.64p and by using ()C.65p ^ ()C.68p . we obtain 



W[C] = W[Co] + E 



t SW[C] 

Q(„^,,)=l/2 l^n^ijin) Jo ^^5^.^.(5) 



e ' 



C=Co 



'{n) Jo 5a;™(s) 



C=Co 



e « 



+ E 



1 ^^ni,n2 mij(ni)mki(n2) Jo dsi Jq dS2 



5^W[C] 



6mij{si)5mki{s2) 



C=Co 



C=Co 



27ri(n-|^ s-]^+ri2S2) 
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mij{si) 



e t 



C=Co 



t SW[C] 



)Smi2{s2 



e t 



C=Co 



e * 



C=Co 



) 



S2 



27ri(nj S]^ +71252) 

e « 



C=Co 



Jo 



e t 



C=Co 



+ En,n. "^Il(n0"^43(n.) (Jo ^^1 Jo '^'^ Sm' {s,)5m,, {s2) 



e t 



C=Co 



+ jlds 



5W[C] 



(5m4i(s) 



27ri (n-]^ +71-2 )s 

e t 



C=Co 



) 



+ Eni,n2 "^ll(ni)^23(n2) (^Jo ^^^l Jo ^«2- 



'(5m'(si)(5m23(s2) 



e t 



C=Co 



^ , 6W[C] 



e t 



C=Co 



+ ^ Em,n Eni,n2 C^i ) ^^Fn2 ) /o '^^l /o ^^^2 



fe™(si)(5x"(s2) 



2Tri(niai+n2a2) 

e t 



C=Co 



dS2 



+ Jo 



e t 



C=Co 



(5m3i(s) 



C=Co 



e * J + ..., 



(C.69) 



where the loop variables Sx^^^ (for n 7^ 0) are not independent. Note that in the context of the 
spin chain, the impurity coupling with Sx^-^ mixes with the fermions: we guess that the 
Wilson loop containing the fermions will be needed to explain the full excited string spectrum 
in the IIA string theory. The two functional derivatives of the point-hke Wilson loop are given 
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by 



C=Co 



-iTr 



C=Co 



-Tr [D^AMxo)wrACo)DnAMxo)wZ+KCo)] , (C.70) 



6^W{C) 



5MK^{s2)dx"'{si) 



5Mk^{s2) 



C=Co 



F^i{x{si))±\si) + DraY'Y]{x{si))MfJ {si)]wl\+\C) 



C=Co 



iTr 



6{si - S2)D^Y^yUxo)wI]+\C^) 



Tr 



D^AiB^{xq)wII{Cq)Y^yI{xo) 



(C.71) 



5'^W{C) 



SMk^{s2)6MiJ{si] 



-Tr 



5Mk^{s2) 



-iTr 



Y^Yj{x{si))wll+\C) 



C=Co 

Y'Y;{xo)wrACo)Y^Yl{xo)wtl+\Co) 



C=Co 



(C.72) 



Next, we introduce the following integral: 
F2{n,k,J) ^ 



{J -k)\k\ 



2iTins 



1 



— exp ( 2™fc ) (in the large J limit) . 

(7 t/ • 



(C.73) 



The derivation of the second line in (jC.73p is given in the appendix of [5J . By substituting (jC.70p , 
()C.7ip and ()C.72p into ()C.69P and by transforming the parameter (si, S2) into {si/t, {s2 — si)/t) 
for the double integral about si and S2, we obtain the local operator expression of the remaining 
terms as follows: the Q = 1 terms in which the product of the loop variables has the charge 
Q = 1 become 



E 



Q(mij+mim)=l 



-ni) 



Y^Y^^ {AiBiYY^yX 



{xo)F2{ni,k,J). 



(C.74) 



15 



The (5 = 3/2 terms become 

+ Ej Em (^i)'^^^"ill(ni)"ll2(-ni) 

■F2{ni,k,J) 

'^ll(ni)'^14(— rti) 
■F2{ni,k,J) 



1 



(J + 1)! 



rTr 



ELoTr \{Y^Y^ - Y^Y^)iAiB^yY^YliAiBiy-f'] (xq) • 



1 



(J + 1)! 



Tr 



Y^YliA,B,y+A (xo) 



+ E J Em (^*)'^^^"^ll(m)"^43(-m) 



ELoTr \{Y^Y^ - Y^Y^){A,B,yY''YiiA,B,y-''] (xq) • 



■F2{ni,k,J) + 



1 



(J + 1)! 



rTr 



Y^Y^iAiB^y+A (xo) 



+ EjEm(^*)^+' 

'^ll(ni)^23(-ni) 



ELo'I^ [(^'n^ - Y^Y^){AiBiyY^Yi{AiBiy-''] (xo) • 



■F2{ni,k,J) + 



(^+1) 



■Tr 



(C.75) 



where we have not written the terms dependent on 6x'^ since they are not independent. We 
obtain the Q = 2 terms up to two impurity as follows: 



1 



+ ^7 Ej Em (^0 "iii(m)"iii(-ni) 



ELo^^Uy'Y^ - Y^Yi)iA^B^yiY^Y| - Y^Y^) • 



■{A^B^y-^ (xo)F2(ni,fc,J) + 



(J+1)! 



Tr 



Y^Yl{AiBiy+^] (xo) 



+ ...., 



(C.76) 



where we have not written the terms dependent on (Jx™ for the same reason. Note that Q = 2 
terms also contain the 3 impurity terms. 

In the large J limit, ()C.74p . ()C.75p and ()C.76p contain the following BMN operators: 



n=oTr Y'YUAiBiyY^YXiAiBi) 



\J-k 



e J 



ELoTr [{Y^Y^ - Y^Yi){AiBiyY^Y^{AiBiy'>' 
ELoTr [{Y^Y^ - Y^Yi){AiBiyY^Yl{AiBiy-'' 
ELoTr [{Y^Y^ - Y^Y^){A,BiyY^Y^{A,B,y-''' 
ELoTr \{Y^yI - Y^Y^)iA,B^yY^Y^{A,B,y-'^ 



27rink 

e J — Tr 



e J — Tr 



2'Kink 

e—J- +Tr 



27rink 

e—J- +Tr 



(C.77) 

Y-^Y^{AiBiy+^] , 
Y^Yl{AiBiy+'' , 
Y^YhAiBiy+'] , 
Y^Y^{AiBiy+A ,(C.78) 
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\.J-k 



e J 



+ 



Y'^Y^iAiBi) 



J+i 



(C.79) 



where and {l,m) are equal to (1, 2), (1, 4), (2, 3), (4, 3). 
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